
 
chapter 2 Derivatives
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AUTOMATICDIFFERENTIATIONTI S numerical evaluation of
derivatives of

functions without having tospecify
intermediate partialderivatives
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computing BOTH the evaluated function its
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Theintuition of forward accumulation is essentially evaluating
the chain rule decomposition of a derivative from the inside out

OPTIONALLY see Reverse accumulation for outside in
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Chapter 3 Bracketing UNIMODALITY ASSMP YnIg Finitialbracket
Motivation Gradients are notalwaysavailable or Fibonaisi Search
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517 is Lipschitzcontinuous on a b
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The Algorithm
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recurse IRRESPECTIVE of youin uncertainty ranges
stop when Xm minSawtoothvalley C E HYPERPARAM
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someintuitivenotes

bydefinitionof l objective function f x ALWAYS lies aboveLipschitzbounds
the smaller Ill the better Large Ill provevery lithe ranges from
uncertainty region at a time

BISECTIONMETHODI why is this even important



generalformat of descent direction iteration
animan

EIEEEE.EEEEiiiiinit designpoint
determine step SIZE DIRECTION RK dk

depending on alg de may or may not be unit

hehe defelminPaktion Etait.inkhate eenmet
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Lange faster but risks overshoots

small slower but more stable

decaying 82 αoageTHYPERFARAMLINESEAR.CIno fixed or delayingstep size finglyBEELINE
given a direction of mins x d

Thekey fakeIg gounivariate
optimiseproblem on a can apply

A perfect line search X is VERY computationally expensive

APPRILINESEARCH imperfect linesearches thatonlyseek to
satisfy WOLFE CONDITIONS
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important as α 0 regardless of β condition must satisfy
hence the algorithm is to start with a large α
decay it by some factor p HYPERPARAM
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WOLFE CONDITION 2 curvature Condition HYPERPARAM G E 0,1
Requires the dir deriv at the next iterate to be SHELLFIRE
Pak5 1kt o Dar5 2k

strong form of curvature condition
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Notes
oustetphesizefotffnaluditiaf.ly the Wolfe or strongwolte ALWAYS exist
repeated line searches that satisfy the wolfeconditions

guarantee a local minimum

Algorithm for stepsize line search satisfying strong wolfe

bracketing phase

keep expanding α until 1 of the 3 following are satisfied
511 21 5111
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TRUSTREGIONI intuition limit stepsize over a region of trust eval
prediction errorof step
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chapter 5 First ordermethods Eh
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ADIENTDEsc aquapitated attentionguilty optimise

a quadratic function main5111 ATAx x c

where A is symmetric PD
we aim to choose a set of directions that are mutually conjugate
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notes intuition on mutually conjugate nectors
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NTUM method to speed upgradientdescent along flat deserts
MMFomentum

update equations 2kt BUK Gk
momentumdelay rate 1kt I L goHYPERPARAM β 1

La musique β determines how quickly the old est momentum terms die
new momentum is a combo of oldmomentum new gradien
it B O we recover a perfect gradientdescent
momentum terms never REALLY die unless k a



Chapters Second OrderMethods OUT
Enewton's Method

LEONISMETHOD univariate functions
Eara

Quasi Newton Methods
DFPmethod
BEGS method
L BEGS method



Chapter 7 DirectMethods AKA Zerqen s cyEic coordinatesears
Powell'smethod
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search in dinitions not orthogonal to eachother
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cycle 1
powelljump power up u el C

cycle 2
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cycle 3 not graphed
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Algorithm

evaluate 511 5121 9 for all i note one iteration
authorpoint

HYPERPARAM Istep size of Hooke Jeeves
on Rh requires Zn

if all f x a e f X delay step size α evals making it
repeat until HYPARAM pretty expensive

GPS Instead fdzntoealuationt.be fEation onlyneed to use ntt

Idea search on pattern P 99 LED

where Petsotea.pe gnng.ot next points D is a ntt

Requires D must be a positive spanning set

D d dati sit If Cid t t Cnt Int spans 112
where 4 Cat are ALL POS

How to determine if D is pos spanning set
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ohgjpplftift.IS iterate over entire pattern makes more oncemarca

DynamicOrdering Thelast directiontraversed is prioritized as next try
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P is the triangle form simplex
Precisorge set of pos spanning set
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Chapter8 Stochastic Methods methods to intro Out isy descentrandomness to help
sP.at9s

min or _MADS
Simulated Annealing
CrossEntropyMethoda step OR a gradienteggeieti.fi iiTiEim aco inaram
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Algorithm for generating a p.s.s
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add a SINGLE vector Fleett.ie iiItig eceg
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Algorithm
start at query point I with directions in D

opportunistically as soon as improvement 5 2 α d f x
is found stop iterating over D
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IMPORTANT If this is the case continue to query
5 x 3 d 5 X I BUT WHY

or no improvement is found

Depending on outcome of update
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needing to take a gradient
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for gradients intermediate
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Chapter 9 Population methods optimization using Qffulation iterationa COLLECTIONof
geneticalgorithms1 9 Patients
particles.pt

tnEationEYEontIIaYalection of design point individuals
generation different iterations of a population

initiation

Note examples
are meancentered
but this is not
necessary

9589 shadesEhown alodandatethese stolidate

I
the design point associated with a certain individual

gene a specific designvariable multiplegenes makeup a chromosome

Genetic Operations
selection

m chromosomes t É x YrÉne gestat
see figure on next page of in children

Crossover how to melanger the chromosomes of 2 parents
methods are all straightforward

Ii IgIIIiif2 3
42

ÉÉÉ

2 3 2 2.5
2 4.5

TÉE 6 4 6 4
TEEnosure

LINEARLYInterpolateT
between Pi Pr



truncation super easy select a parenttroupaffy
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Chapter10 constraints Idea myn 511 aunts general
5 t XE X remove constraints

g its rise ex is iE
ineq gle1 0 or greater than constraints

can be massaged into these 2 base forms

interesting special constraint core constraint CY

tmall.IT lI onstuaints using a transformation

asxeb EE.EE Tftm ns tap x ̅

la musique Tailisasubstituitionforxthat will only ever

take on values a b Optimize on instead plug
back into tap x to find the original x value opt

Removeequality constraint by removing a designvariable Trivial
Ex if x X2 C insteadof min f x x do min f x C Xi

AFFINEEQ CONST a Linalggeneralization of the single ineq constrain
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If men we have effectively n m equality constraints

MATH AERM Man ME5111 sit A I 1
Ax L L Q I be this is the LQ decomposition
where Run outhoganai squirt tide or matrix

E RMM lower triangular square matrix
Rmx n m zero matrix

new

FEEL.ie i t
Voila M constraints I can take on any value
turned a designvariables the ionstraint still satisfied
into n m design variables
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mechanics which is essentially energy minimaEE.iriIn miminiiiiiin.in i mawes

ME511 sit 412 0
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Hence their gradients should be parallel too
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Yesang mirthpleier

formulate L x 7 5111 th I
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hit DL X X h x 0 8
Methodof Lagrange multipliers for multiple equality ionstraints

if you are its pointI seeking to improve with constraints hi ub

you are ONLY allowed to move in a direction tangent to the

ions.tt s iesHelehjinale nigofemdo P ineatitaction
directions I that are orthogonal to ALL hi in E

As soon as d D 512 set orthoganol to Dh 1 DK 2
you have no more room for improvement are at a minimum

Thus when 511 is a linear combo of Dhi X we are minimized

75111 EX Dhi x
Hence formulate the Lagrangian x 1 5111 1h11

5121 É Tihill
and evaluate for DL x h 0



2 flavous active inactiveI
notes

on the constraint boundary gas
inactive solution lies within constraint boundary grey 20
For an active constraint Dg It D5121 because otherwise

these'I I'll spaceeatomimk.ge 5117 within the bounds

Is f outfit.int esd a way to enrage feasible

Ippenaly penalize steps in the infeasible range g 17 so
512 Es so step x 5117 0 g x 0 ultation
BAD because incontinuous non differentiable
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where m 8 9 3 0
0 step problem recovered

then minimizing fo step is equal to minimizing 5 sit gex so

min mm L 1,47 theprised

Notes on the primal Problem Recall M 0
ofeasisteyjo.ggrewarding

notice peg 1 7 0
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minimize I

a c It 3 hiii
112 8 Complementary slackness

M O G 0
Dual Feasability Stationarity the big one

DFCI Mbg x 1 1 xt 0
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aims to turn an ineq instr into an eq constr

sit gix so

to 51 tathaissg.me 1991

9 Ie EE
PENALYMETHODST important

simple method count the of violated constraints p x Igi 1 20
problem becomes main 5121 p piount21 F h 1 0

Is where p is a magnitude factor
Algorithm
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barrier method the penalty is some

he
owing conditions

barrier function Pamina

PearlIl is continuous
Pbar I is nonnegative 20 in the feasible region
Pbar 11 00 as x g x 0 constraint boundary

common barrier functions
augmenting

inverse barrier pbarrier x 1k

log barrier Pear x logEgill for gi 1 so d
o otherwise

itLformulate the problem min5111 ptPbar I
at each iteration P Jp

IMPORTANT CAVEAT thismetalinguistic Inat t's already feasible
the unfeasible region is not punished harshly only the
boundary which is an insurmountable singularity

very clever way to do this first run 1,5 s
la musique the feasible set s I sit g x 51
youget from this will be feasible
in the main problem so long as s 0
if no feasible set 5 I exists you were doomed from the

caveat 2 extra care is taken for iterative methods that
start

thestepdoes not cross the barrier function

512 1A where α 0 an
Au step to nearest boundary
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primal form of any constrained optimization problem

The Dual Form 1 so 1in L I M 1 Effing EveJameproblem

Auxiliary the max min infaiitf.EEiiFia.n mymaxtca.be
logically min a b minmay 5 a 1

Thus if we define If seti primal preteen

P a pwktatypiayatiii.ieEitsa lower

if p _d o Astrongduality property problem then Elshipitatio
the generalidea of thedual problem find a bound to yourprimal optimizationproblem with only 1 min max eval

f fEEc
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so

aehfonIeingresutsaefef since
outerMsweep

9 lt s Estraliedyn 91sinperobtep euality constrained dual problem

the idea is to iterate on Both Emulfatheously

og barrierfunction Theproblem
becomes may5121 t Elog 9 1 1

optimality D 5117 t Elog g 17 5111 0
if we see mit tgilktmegetIEI.ch E neagIgranLhDualitygap p Dim5 It where

of ineacaste stationary condition
stationarity Rn n fineysion

Thenewproblem
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in words set the residual to 0

This is accomplished iteratively by finding a descent direction
I Ex dy e Rmth

using Newton's Method then running a descent alg of choice

Dualascent asimilar flavor to Primal Dual Methods gradient ASCENT
on Pptm'ai rs2Recallany ineq constr problem can bewritten in

congve dual form
mangy min L I M Z

when strong duality holds

21kt I MILK M 1 Z M

amuse_mg tagg
can see that this problem is splittable to 2 different optimization
problems so what if we let them take turns

Dual Ascent Updates Algorithm

19 argyin L x M
1k

sand M a α tpL 1 M 2 max o m a g x
dud's

plates 2kt α L Ital alk z 1 α h x



Linearprogramming
aim

ee i iare
MY This general form can be further massaged into
5t Are 1 BLE Equalityform massage ing constr to ea const

AEQ I DEQ standard form massageeg const into ineq 10ns
GENERAL FORM

min C E IsA EEE1111isn I Et these As Is 1
straityconstrstillhere Et Q

0noconstrainton positivity
ofthedesignvars

Teethorem so x zt
STANDARD FORM

t.IEEsEtnts8lmeagmEosttiectou
Egyptite Yg.catIeintatorms

a halfspace

A region cullosed by hyperplanes fleasible
sell on a linearobjective function isconvex

Equalityformformulations Hint use slackvariables

11 CTO ZEA I ELE LAE E 1
AEI Rte I sit 0
1 0 E 20

variableFigg.gg1e Ee tomessage EQUALITY Form
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oractuamsEecorete

Etiife'ftp.teiex.cimiystieryte ossrith



on

i itÉ I I asaayarmeasemi.is i ieniis yonown
Prolt a
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FÉ_EECÉÉ É notethat the constraints do not change

Howis a usually determined ÉÉnaiiaiiiatigiipptieima.ttatonewant

D 5 Irett 1TheHessian importantly ALWAYSsymmetric

Timportality nbetaiiigstptsitneidi.ie
q D5 Free 1Thegradient if Q IS pos det the equation

EQ I is convex

All problems of the general quadratic form where go.gg
be massaged into a

LEASTSQUARESproblem

UIUI where Q is a upper triangular matrix
ACholesky decomposition of a symmetric PD matrix
proof ownitted

completethensquare
min 92 7 MY 1142 WE noticethese 2

EEF.is ue

mIE UxTU1 qtx same multiplying

It by 2 adding
MI Ux U2 2 q É4 I'q thescalarÉq

which is indep

uxuqjcu.at e s

Egei i
Effy ago 47

skiemipb asminimizing11 11
A U MY1111 I'qll both are positive

b Iq MY11A 1 bull asuccessfullytransformed a quadratic
remember stullsubjectto originalgoogle.fm5 tion problem to lease squares



OUTLETEtooptimality
inane constraint no

Godesignathporaticallythepbistingfuctioniggap y

k hhthgtign

Paretoopimalityte impossible to improveon one objective w oworseninganother

Dominance veryintuitive bebetterin at least 1 metric no worse in theothers

dominates I ite Eyes it sine

SPEEDRUNof KEYTERMINOLOGY forthischapter

image setat all possibleoutputs given an inputset

criterionspace 7 theimage of 1 on some X

Pareto frontier no otherpoints in criterionspace weakParetooptimality

Paneto optimalpoints mpl.it aiotngpaveto frontier

weakly Pareto optimalpoints Efvewmc.hne's 2

utopiapoint y
utopia

minimizefi z
stepmateyto

In Lexigraphical Method

optimizes based on orderof importance

c ftpgig on.tier
optimizeon t.se 9 blindtoeverything
optimize on fall yet with f 2 g

cmkafiaiese.in
p sts.t.ggEg

strain

Averysensitive to order of importance
backinto 2metric itergtieswill alwayshave the last point

EE.EE I iiii
doesnot handlenon convex Paretofrontiersfutopiapoint

goalprogramming my111127 y llp pyim.siatheointsPohIekaiet IottierTafollowingheightsmethods as p so convexities are explored
arealso a goalprogrammingsubflavor



wktedexponentialsum.tl ETwi filkl yigoal P
a combination of weighted sum goal programming
to find a Pareto frontier it is recommended youvary insteadof p

weighted Thebycheff Method take peso of

Textiles gis s
piiys.figeeeEbig rEEtimalen

Augmented Tchebycheff

e maxlwitsias gis.at EEE.IE iii i iIla musique 1 ygoal is greater weakParetooptimality pruning

8ft.inYpolies'than
Panorama.me ia IEI

slightlymore costly
Twins c care

howdo we use population methods to
producePareto frontiers

miiiii.IEtIanaun vanae
subpops sizeof m

size of subpops sizeof population m

each subpopulation is evaluated on only onemetric
Nondomination Rankings levels of nondomination objectivefunction score

prove the last level when determining next level
ParetoFilters keep track of dominant individuals injectthem randomly back

into thegeneral population

NicheTechniques
fitness sharing

Equivalence class sharing



EE.is Ei i i Iii E.IEiiii iIstillquite trivialUYIY.frYI m points on an mxm discretizedgrid sina.EEafTambYintg's
every now columnmustbe coveredby 1 point

There are m permutations of m points that uniformly project an mxmspace
Auxiliary Latin Squares

aimpointswhen

i 1,23,43 createsX X a gooduniformprojection

stratifiedampling Fullfact 1m uniform m sampling methodsmay
fall preyto systematicunderfitting due to uniform
spacing

modifyanygridbasedsamplingmethod by having thesamplepoint
be a uniformly sampled point within the discretized cell

aiigiiiset.is
UNIFORM

BETTER

was sampled

gggp.ggi
termienow moved the designspace

laminfax
iii.mn eeam m m fifE.fiIIIIIIII

an Eat l
ofpoints in hypterreatH area fhyperrest h
lalways oftotalsamplepoints H dik 0.38



Pairwisedistances prettytrivial

larger pairwisedistances implies more space filling
simple algorithm to compare 2 sets

find all pairwisedistances of sets X 2

sort them ascending
the first list with a higherdistance than theotherwins

Morris Mitchell Criterion builds on pairwise distances

da x Edi 1 91 2,510,2050,1003 9 X
hyperparam

pairwisedistances ofset recommendtry It

spactilling subset



f g yatd
part2 to sampling plans Effingsurrogatemodels

linearmodels
Basisfunctions

x X1 I'm Fittingnoisymodels

y yh yh gimi
etch their

milk.ae YsErrogaetmoa

I Ffa 50124 Folk where Éo x is the fit

may11 f y l p where p is normally 2

innards this is yourclassicleastsquares regression

Wo wt2 wo Atheparameters
common compact toum I Et where I 11

formforentireset I IE where I

regression problem
may1 y KEY y analytical solution

recall pseudoinverse

BasisFuntions general form
replace I with b x B

111T
aint is.EE ianse

for the specific case of Linear Regr b x I
Polynomial Basis tunitions built upon theTaylorSeries

2 Dexample bi x 51 1 00 01 02 2 0kt
ghfhg.EEeryte

2 Dexample bijki xix for all it k

Sinusoidal Basisfunctions built upontheFourierseries

Big long cumbersome equations so I recommend referring to the
textbook instead but you should be an expert at this

Radial Basis Funitions 4 x E 4 111 all 4 r

functions centered on certain points

Foraset of m sampled points we can use bile 4 111 1 1 for ie Iim

for apoint I its basis funitionvector is a function of I's
distance from all sampled points
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common radialtunitions

of a
if c LEYE
exp 2111 2112

Folk 111
GERM 111 ERM LER

fit a function to it withoutoverfittingt.ie iiii i iiii iii am

la musique
thehigher the7mainly BEN molly BE1122 7110112 themore a nigh

regularizationenergy fit ispenalize
AnalyticalSoln

BTE XE I y note EB XI is not always invertible
but will be invertible for 250

proneto regionsofoverfitting
Tainted

mg
inibiefromx o1



Modelselections


